We present the one-loop helicity amplitudes with five external gluons. The computation employs string-based methods, new techniques for performing tensor integrals, and improvements in the spinor helicity method.
Gr n;c (σ) A [J] n;c (σ) (1) where Gr n;1 (1) = N Tr (T a 1 · · · T a n ), Gr n;c (1) = Tr (T a 1 · · · T a c−1 ) Tr (T a c · · · T a n ), S n is the set of all permutations of n objects, and S n;c is the subset leaving the trace structure Gr n;c invariant. The T a are the set of hermitian traceless N × N matrices, normalized so that Tr T a T b = δ ab . For internal particles in the fundamental (N +N ) representation, only the single-trace color structure (c = 1) is present, and it is smaller by a factor of N . We take in each case a spin-J particle with two states: gauge bosons, Weyl fermions, and complex scalars.
The objects one calculates are the partial amplitudes A
[J]
n;c , which depend only on the external momenta and helicities. For the five-point function, there is only one independent partial amplitude for each configuration of external helicities; A 5;2 and A 5;3 are related to the adjoint contributions to A 5;1 via decoupling equations [7] .
The string-based method meshes well with the spinor helicity representation for the polarization vectors [4, 5] , which provides an efficient method for extracting the essential gauge-invariant information in an on-shell amplitude. This method yields expressions written in terms of spinor products i j and [i j], which are square roots of Lorentz products s ij = (k i + k j )
2 (up to a phase). Unfortunately, the relations -momentum conservation and the Schouten identity -between different forms of a given expression are nonlinear, which makes it hard to give a canonical form for such expressions, or equivalently makes it hard to simplify complicated expressions. However, one can evaluate "phase-invariant" combinations of spinor products in terms of s ij and contractions of the Levi-Civita tensor ε(i, j, m, n) = 4iε µνρσ k
It suffices to calculate the ratios
using e.g. methods in reference [8] . In this way spinor products can be eliminated from any expression, apart from an overall prefactor. For massless five-point kinematics, such an expression can then be written as a rational function in the five kinematic variables {β 1 , β * 2 , β 3 , β * 4 , β 5 } (or any cyclic permutation of this set), where
The only independent Levi-Civita contraction is given by ε(1,
i for any i, and the independent Lorentz products by
. Simplification of rational functions in β i is straightforward. The β i variables are related to the variables γ i and∆ 5 used in ref. [9] to perform pentagon integrals, via β ( * ) i = −(γ i+2 ± ∆ 5 )/2. Indeed, the derivative approach to evaluating tensor integrals [9] , when applied to the pentagon integrands encountered in the five-gluon calculation, and expressed in terms of the appropriate set of β i variables, allows one to significantly reduce the degree and size of the Feynman parameter polynomials in the integrand.
At tree-level, certain helicity amplitudes vanish identically [10] . The corresponding one-loop amplitudes are then free of infrared divergences. The remaining amplitudes are infrared-divergent; for practical purposes these divergences must be regulated using dimensional regularization. The computation of these helicity amplitudes thus requires the knowledge of five-point loop integrals in D = 4 − 2ǫ [9, 11] .
For the finite helicity amplitudes, supersymmetric identities [12] imply that the contributions of particles of different spin circulating around the loop are related, A 
In order to present the results for the remaining, infrared-divergent amplitudes in a compact form, it is helpful to define the following functions,
where Li 2 is the dilogarithm; a prefactor,
a universal function,
the following functions for the (1 
and the corresponding ones for the (1 
For positive values of s ij , the logarithms and dilogarithms develop imaginary parts according to the prescription s ij → s ij +iε. We also remind the reader of the tree amplitudes, A tree 5 ( 2 2 3 3 4 4 5 5 1 ). In terms of these functions, the MS renormalized amplitudes are
The rest of the helicity amplitudes are related by cyclic permutations or complex conjugation to those given above. It is interesting to note that in supersymmetric theories, the V s and F s terms cancel out of the final amplitude, and that in N = 4 supersymmetric theories only the V g term survives. The separation implied above into g, f , and s pieces arises naturally on a diagram-bydiagram basis within the string-based approach. In this approach the V g term represents the only calculational difference between the contributions with gluons circulating around the loop, and those with fermions; this term has a particularly simple expression at every intermediate stage of the calculation. The parameter δ R controls the variant of dimensional regularization scheme [2] : for δ R = 0, one obtains the four-dimensional helicity scheme, while for δ R = 1 one obtains the 't Hooft-Veltman scheme.
There are several checks we have applied. We have checked gauge invariance, both by computing amplitudes with longitudinal gluons, verifying that one obtains zero, and by calculating a helicity amplitude with an alternate choice of spinor-helicity reference momenta, and verifying that the result is unchanged. In addition, the forms given above display manifestly the reflection symmetries expected of the amplitudes, symmetries that are not present in the contributions of the individual diagrams. The amplitudes also have consistent limits as one of the gluon momenta becomes soft, and as two adjacent momenta become collinear.
At next-to-leading order, only the infrared-divergent helicity amplitudes (5-10) enter into the construction of a program for physical quantities. In order to construct such a program for three-jet quantities, one must form the interference of the tree amplitude with the loop amplitude; this has the form [7] 
where r is the permutation (2 4 1 3 5); P 5;3 into equation (11) . One must then combine this virtual correction with the singular terms in the 2 → 4 matrix elements arising from the integration over soft and collinear phase space. The Giele-Glover formalism [13] makes use of the color ordering in construction of universal functions representing the results of the soft and collinear integrations, and is the most convenient one for doing so. We have used it to check that the poles in ǫ do cancel as expected.
